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Abstract

There is a growing interest in exploring heterogeneous associations 
with independent variables across the distribution of either the dependent 
variable (using quantile regression) or across geographic space (using 
geographically weighted regression). The former is often known as 
statistical heterogeneity, whereas the latter refers to spatial heterogeneity. 
However, population research has been slow to adopt either of these 
methods. This study first briefly discusses why more attention to the concept 
of heterogeneity is needed and then introduces a method that simultaneously 
considers statistical and spatial heterogeneity, namely geographically 
weighted quantile regression (GWQR). We illustrate how to use GWQR 
with U.S. county-level coronavirus disease (COVID-19) vaccination 
data and explain how GWQR identifies significant heterogeneities in the 
relationships between the vaccination rate and its determinants across space 
and over the vaccination distribution. The results suggest that both spatial 
and statistical heterogeneity are a common occurrence. For example, the 
COVID-19 case rate has a stronger association in counties in the lower 
quantiles than in the higher quantiles. The spatial distribution of this 
relationship is focused on counties in the Mountain states and is shifted to 
the Midwest region. As such, we conclude that both heterogeneities should 
be considered in population research.

Keywords:	heterogeneity, homogeneity, geographically weighted regression, 
quantile regression, spatial demography
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I. Introduction

Most population studies seek to identify the associations between 

a dependent variable and a set of independent variables. The ordinary 

regression modeling technique is arguably the most common approach 

(Hao and Naiman 2007) to depict these associations. This approach 

typically uses the conditional-mean function to summarize how a dependent 

variable responds to the changes of independent variables (Kleinbaum et 

al. 2008). While the mean regression can provide a parsimonious picture 

of the associations of interest, crucial assumptions are required to fit 

the conditional-mean model, such as that the errors need to be normally 

distributed with homoscedastic variance and that values of dependent 

variable must be independent. These assumptions, however, have been 

often violated in many applications and it is particularly so when analyzing 

social science and/or geospatial data. (Cressie 1993; Hao and Naiman 

2007). Demographers have begun to explicitly address the analytical issues 

with alternative modeling techniques. For instance, models allowing for 

heteroscedastic errors then have been considered through robust estimations 

of error covariance matrix or by means of weighted least squares. The 

independence assumption is often suspected for data aggregated based on a 

set of geographical regions over the study area and hence spatial modeling 

approaches have thrived (Schmertmann et al. 2008, 2010; Voss et al. 2006). 

Despite these efforts in empirical data analysis, we suggest in this study 

that one way to move the field of demography forward is to simultaneously 

explore, within one analytical framework, two sources of heterogeneity in 

data—the statistical heterogeneity across the distribution of a dependent 

variable and the spatial heterogeneity with respect to data relationships 
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concerning instability of regression coefficients in a model (Fotheringham 

1997; Harris 2019).

To better understand the concept of heterogeneity, it is imperative to 

first introduce its opposite, homogeneity. In statistics, homogeneity refers to 

the level of similarity in distributions and the definition of similarity ranges 

from a single attribute (e.g., variance or mean) to total sameness. Extending 

the concept of similarity to a spatial context, the relationships of interest that 

do not vary with the spatial dimension can be described as homogeneous. 

For simplicity and convenience, homogeneity is the underlying assumption 

in most conventional analytic techniques and heterogeneity per se is often 

ignored or regarded as an unwelcome complication (Kleinbaum et al. 2008; 

Pickett and Cadenasso 1995). 

It follows that heterogeneity can be defined as the lack of homogeneity. 

A type of statistical heterogeneity is said to exist when the relationships 

obtained with the conditional-mean model cannot be generalized to other 

locations along the response distribution, especially for the data skewed or 

distributed in the tails (Hao and Naiman 2007). The development of quantile 

regression (QR) attempts to address this limitation (Koenker 2005; Koenker 

and Bassett 1978). In contrast to traditional regression approaches, QR is 

flexible with non-normally distributed errors, provides strong robustness 

against outliers, and more importantly, offers the ability to detect statistical 

heterogeneity examining how predictors are associated with a dependent 

variable along its distribution (Abrevaya and Dahl 2008; Austin et al. 

2005; Han et al. 2011). In certain circumstances, the mean or median of the 

response variable is not of interest. Few researchers have taken advantage 

of QR to explore heterogeneity in demography research. For example, a 

debate exists whether or not income inequality is a determinant of mortality. 

Yang et al. (2012) suggested to better clarify the question by identifying 
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the inequality–mortality relationships with QR than traditional analytic 

approaches, especially on lower and upper levels of mortality. Similarly, 

to examine if there is a significant difference in the relationship between 

economic expansion and migration across labor markets, Partridge et al. 

(2012) employed QR to achieve the goal.

On the other hand, the essence of demography is to study the collective 

behaviors and spatial demography focuses on the analysis of demographic 

processes across space (Weeks 2004). Population processes and demographic  

changes have been traditionally studied using data aggregated to various 

geographic units (e.g., counties and states), which is often labeled as the 

macro-demographer’s perspective. Since the 1990s, the development 

of user-friendly spatial analysis tools has not only reinvigorated spatial 

demography, but also served to motivate spatial perspectives in demographic 

policy-making (Voss 2007). A recent report (Matthews et al. 2021) identified 

several major challenges for spatial demography, including the need for 

new methodological development in spatial analysis and the integration of 

these new spatial methods into population research. Spatial econometrics 

models have been widely employed by demographers but the methods 

assume that the associations between the independent and dependent 

variables are homogeneous across space (i.e., do not vary by location), 

thus overlooking the so-called spatial heterogeneity with respect to data 

relationships (Fotheringham 1997; Harris 2019). Geographically weighted 

regression (GWR) is a method that can facilitate such understanding of 

spatial heterogeneity. GWR provides researchers a more thorough picture 

of underlying spatial process between independent and dependent variables 

and, in turn, helps explore place-specific processes (Brunsdon et al. 1998; 

Fotheringham et al. 2002; Wheeler and Páez, 2010). Some examples in 

population studies include Partridge and Rickman (2007) which used GWR 
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to identify persistent-poverty areas and suggested that place-based policy 

could play a crucial role in reducing poverty in those areas, and Gutiérrez-

Posada et al. (2017) which applied GWR for modeling of local population 

growth. 

Compared to other disciplines such as forestry, geography, economics, 

and environmental science, demography has lagged in exploring the 

heterogeneities with the methods QR and GWR discussed above. While 

increasing efforts have been made to adopt either QR or GWR into 

population research, we argue that it remains necessary to explore at 

the same time both statistical and spatial heterogeneity. Scholars have 

developed a method that claims to achieve the task in this endeavor, namely 

geographically weighted quantile regression (GWQR) (V. Y.-J. Chen et 

al. 2012). Building upon this new methodological development, this study 

aims to discuss why population researchers should care about heterogeneity 

and illustrate how to use GWQR in population studies. Below, we concisely 

discuss QR and GWR and then explain how GWQR synergizes both 

methods. One case study with U.S. county-level coronavirus disease 

(COVID-19) vaccination data will be used as an illustration, followed by 

the discussion of the future of GWQR in population studies. 

II. Literature Review

QR, GWR, and Some Limitations of Traditional Regression 
Approaches

Linear regression is commonly used to answer the question of how 

a continuous dependent variable is associated with a set of independent 

variables in population studies (Kleinbaum et al. 2008). There are, however, 
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several well-known disadvantages of this approach. The normality 

assumption (i.e., data follow the Gaussian distribution) may not hold 

especially when a dependent variable has a heavy-tailed distribution (Hao 

and Naiman 2007). The phenomena of dependence (i.e., data are not 

randomly distributed) is often occurred in ecologic studies (Cressie 1993). 

Failing to meet these modeling assumptions may result in biased estimates, 

incorrect inferences, and misleading conclusions. To address these issues, 

new statistical methods have been developed.

Beyond these assumptions, the focus on modeling mean value may 

have inadvertently steered demographers away from questions relevant to 

non-central locations (Hao and Naiman 2007). For example, as suggested 

by Machado and Mata (2005), understanding the relationship between wage 

inequality and educational attainment in the tails of the wage distribution 

may be more helpful than models estimated for the central locations. 

Likewise, the associations of maternal characteristics with birth weights 

should be more important in the low end (among low birth weight infants) 

than any other locations of the birth weight distribution (Abrevaya and 

Dahl 2008). The traditional approach inherently fails to characterize the 

relationship between a dependent variable’s distribution and independent 

variables, and the question of how changes in independent variables affect 

the shape of a dependent variable’s distribution is unanswered (Koenker 

2005). 

By contrast, QR has drawn much attention because it focuses on 

estimating the relationships at any location of the distribution of the 

dependent variable (Koenker 2000). As such, QR has emerged in health 

and population research (Austin et al. 2005; Yang et al. 2012). QR divides 

the whole distribution into quantiles and estimates the conditional quantiles 

as functions of explanatory variables. Quantile is a term that generalizes 
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specific locations, such as quartile, quintile, decile, and percentile, but it 

can represent any predetermined locations of a distribution (Koenker and 

Bassett 1978). Since any quantiles can be modeled, researchers can choose 

any positions in a response distribution to tailor specific research questions, 

therefore portraying varying impacts of independent variables on the 

dependent variable as a form of statistical heterogeneity (Koenker 2005).

Demographers have realized that spatial dependency has commonly 

embedded in ecological data (Tobler 1970) and such dependency violates 

the independent assumption. With the resurgence of spatial demography 

(Voss 2007), spatial econometric has been widely adopted to address 

spatial dependency (Chi and Zhu 2008). In general, spatial dependency is 

accounted for with a spatial lag effect of the dependent variable and/or a 

spatial error term in the residuals. This approach incorporates the adjacency 

of any two spatial units in the construction of a spatial weight matrix (LeSage 

and Pace 2009). However, spatial econometric methods mainly estimate a 

single, or global, regression equation in which the relationships between 

an independent and the dependent variable are assumed to be stationary 

over space (Fotheringham 1997). Such model specification does not allow 

for the exploration of spatially varying relationships, a core property of 

spatial data termed as spatial heterogeneity with respect to data relationships 

(Harris 2019). Some researchers have applied geostatistical models (e.g., 

semivariograms) to ecological data and adjusted for spatial dependence 

based on the distance between two units (Schmertmann et al. 2008), but 

most of the techniques are essentially exploratory and do not include 

explanatory covariates into analysis.

GWR has been proposed to explore spatial heterogeneity of regression 

relationships between the dependent and independent variables. Because 

of its ease of computations, scholars have advocated the use of GWR to 
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understand the spatially varying association despite some concerns, such as 

collinearity among local estimates (Wheeler and Páez 2010; Wheeler and 

Tiefelsdorf 2005), and it has found considerable applications to population 

and health studies in the past decade (e.g., V. Y.-J. Chen et al. 2010, 2022; 

Gebreab and Diez Roux 2012; Mollalo et al. 2020; Nakaya et al. 2005; 

Shoff et al. 2012, 2014). Not only does GWR account, in part, for spatial 

dependence, but also helps identify potential spatial heterogeneity (place-

specific relationships) underlying the ecological data (Fotheringham et al. 

2002).

It should be noted that there exist various definitions of heterogeneity, 

and each of the definitions relates to the object to which heterogeneity 

applies (Dutilleul and Legendre 1993). In the traditional regression 

modeling, for example, heteroscedasticity refers to the equality of variances 

(Dutilleul and Legendre 1993; Glaser 1983; Sokal and Rohlf 1981) and 

this has been found to be one consequence of heterogeneity. Hierarchical 

modeling that considers the between-unit heterogeneity (and within-

unit dependencies) with random effects (Raudenbush and Bryk 2002) 

may present a way to resolve the issue in such case. Different from such 

consideration, the present study draws emphases in estimating the varying 

relationships at any location of the distribution of the dependent variable 

and across space, referring to the statistical and spatial heterogeneity 

indicated previously. The subsequent section will discuss why a method that 

accounts for both statistical and spatial heterogeneity is important.

Why is GWQR Desirable?

Several other spatial methods have been developed to handle spatial 

heterogeneity in regression relationships, such as spatial regime modeling 

(Anselin 1988a, 1988b) and spatially varying coefficient modeling (Gelfand 
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et al. 2003). The former is essentially a full interaction modeling approach 

that examines whether there is any structural difference across regimes, 

which are pre-defined by researchers (Anselin 1988a, 1988b) and generates 

parameter estimates for each regime. Compared with this approach, GWR 

heavily focuses on local spatial processes (Waller et al. 2007), does not 

require pre-defined regimes/areas, and can be used to interpolate local 

estimates at locations without data (Fotheringham et al. 2002; Gelfand et 

al. 2003). Consequently, GWR is more “geographically” flexible and can 

provide information on more detailed place-specific relationships (spatial 

heterogeneity with respect to data relationships) than spatial regime models 

can. Spatially varying coefficient modeling represents as a parallel of GWR, 

where the spatially varying regression parameters are accommodated 

through a multivariate spatial process within Bayesian hierarchical modeling 

framework. Though possibly processing better inferential properties, 

the methodology relies on the specification of prior distributions and is 

sometimes computational demanding. It also has not been widely adopted 

by population researchers as opposed to GWR. Detailed discussions 

regarding the comparisons between GWR and spatially varying coefficient 

models can be found elsewhere (Wheeler and Calder 2007; Wheeler and 

Waller 2009; Finley 2011).

While GWR is a popular technique for exploring spatial heterogeneity 

with respect to data relationship, its current structure only computes the 

parameter estimates for the relationships of the mean value of dependent 

variable with the independent covariates and fails to consider other locations 

in a dependent variable’s distribution. This shortcoming is inherent in GWR 

approach as it is expanded from the conventional ordinary least squares 

regression.

To answer more complex research questions, it would be necessary to 
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develop a method that allows one to obtain the relationships of independent 

variables with a particular quantile of interest across space. That is, there 

are likely many advantages to the integration of QR in a spatial analysis 

framework. Several leading spatial statisticians have noticed this need 

and developed analytical tools towards spatial quantile-based regression 

analysis. Examples include the Bayesian spatial QR models extended 

based on spatially varying coefficient modeling (Reich et al. 2011) or with 

the asymmetric Laplace process to incorporate spatial dependence in the 

variance–covariance structures (Lum and Gelfand 2012). Such methods 

using Bayesian perspective need to be implemented with Markov chain 

Monte Carlo algorithms, which may be a barrier to applying these spatial 

QR methods to empirical demographic studies. In light of this issue, V. Y.-J. 

Chen et al. (2012) proposed GWQR by integrating the features of QR into 

GWR and handle the spatial associations among observations with a kernel 

density function. GWQR is based on a nonparametric perspective and could 

be implemented with SAS® (V. Y.-J. Chen and Yang 2012) or R. 

Building upon the strengths of QR, GWQR allows users to examine 

how certain independent variables affect the dependent variables across 

the distribution of the dependent variable (i.e. statistical heterogeneity). 

And this location-specific relationship can be extended to space (i.e. 

spatial heterogeneity). How do these heterogeneities learning from GWQR 

inform demographic and health research? At its most basic, and following 

Fotheringham et al. (2002), GWQR challenges the conventional assumption 

that the same stimulus promotes the same response. There are several 

reasons that bolster this proposition. First, heterogeneity should be regarded 

as an inherent feature of a society (Dutilleul and Legendre 1993). Many 

social characteristics are unevenly distributed and people are embedded 

in different geographic scales that affect spatial heterogeneity (Matthews 
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2011). Indeed, it is naïve to assume that the relationships of interest are 

constant everywhere (Lloyd 2010). Second, heterogeneity may reflect the 

population dynamics with the natural and/or social environment that have 

not been considered by researchers. This unobserved association may result 

in heterogeneous relationships across regions and encourage scientists 

to adopt a local perspective and locate areas that need special attention 

(Anselin 1988a; Dutilleul and Legendre 1993). Moreover, the spatial 

pattern generated by heterogeneity provides valuable information to those 

researchers attempting to identify factors that are predictive of the spatial 

pattern (Fotheringham et al. 2002; Lloyd 2010). Finally, there is a need 

in many instances for new methods that allows demographers to answer 

questions unable to be addressed by QR and GWR in isolation. Taking body 

mass index (BMI) as example, obesity researchers are particularly interested 

in exploring the factors for high, rather than the average, BMI (C.-M. 

Chen et al. 2012). Coupled with the fact that it is argued that space plays 

an important role in the prevalence of obesity (Drewnowski et al. 2007), 

the investigations of how the dependent variable reacts to the change in an 

independent variable at quantiles of interest (other than mean) across space 

may be then helpful, providing new insights into heterogeneity.

In sum, GWQR combines QR and GWR, which makes it possible 

to simultaneously account for the heterogeneities across space and the 

distribution of a dependent variable (V. Y.-J. Chen et al. 2012). The novel 

analytic approach allows researchers to dissect the global processes into 

local processes and investigate whether and how the relationships between 

predictors and the dependent variable differ across the distribution of the 

dependent variable. The original paper (V. Y.-J. Chen et al. 2012) describes 

the technical details but a brief discussion of GWQR follows.

人口學刊(65)-02 Vivian Yi-Ju Chen.indd   54人口學刊(65)-02 Vivian Yi-Ju Chen.indd   54 2023/7/26   下午 12:44:072023/7/26   下午 12:44:07



． 55 ．

Vivian Yi-Ju Chen and Tse-Chuan Yang

III. Methodology

GWQR Framework

To understand GWQR, a basic understanding of Gaussian GWR 

modeling is necessary. Following Fotheringham et al. (2002), a Gaussian 

GWR model can be expressed as

Yi = Xi
tβ(ui, vi) + εi = β0(ui, vi) + ∑ p

k = 1Xikβk(ui, vi) + εi  ........................(1)

where Yi, i = 1, 2, …, n, represents the response observations collected from 

location i in space and the corresponding geospatial covariate vector can be 

written as Xi = [1, Xi1, …, Xip]
t of dimension (p + 1) including the constant 

1 for intercept. β(ui, vi) = [β0(ui, vi), β1(ui, vi), …, βp(ui, vi)] indicates the 

local coefficient estimates, (ui, vi) represents the coordinates of location i in 

space, and εi is the error term with a mean of zero and common variance σ2. 

The coefficient estimations, βk, are specific to each location i, which yields 

mappable local statistics.

One feature of GWR is the ability to use a kernel-based density 

function centered on each observation to estimate the local parameters. 

That is, the β’s at a given location (ui, vi) are locally estimated through the 

following weighted least square function

∑ n

j = 1 �Yj – β0(ui, vi) – ∑ p

k = 1Xjkβk (ui, vi) �
2

wij  ......................................(2) 

where wij = K(dij, h) is the geographical weight assigned to each observation 

and calculated in terms of a kernel function K, depending on the distance 

dij between the given location (ui, vi) and the jth designated location (uj, 
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vj). The kernel size is also regulated by a bandwidth h, which controls the 

smoothness of the estimates and can be either fixed or adaptive. Overall, 

more weight is placed on observations closer to (ui, vi) than those farther 

away. Several choices exist for the kernels; see Fotheringham et al. 

(2002) for more descriptions. Typically, the adaptive bisquare for h being 

determined by a nearest-neighbor approach is frequently used in literature:

wij = �
�1 – �

dij

h �
2

�   if  dij < h

0 otherwise

  .........................................................(3)

Fotheringham et al. recommend such weighting scheme as it avoids 

calibration problems especially when the data are sparse or irregularly 

distributed over space. 

GWQR extends Equation (1) based on the framework of QR, defined 

as

Yi = Xi
tβτ(ui, vi) + ετi = βτ0(ui, vi) + ∑ p

k = 1Xikβτk(ui, vi) + ετi  ...................(4)

where the vector βτ(ui, vi) = [βτ0(ui, vi), βτ1(ui, vi), …, βτp(ui, vi)]
t now 

represents the coefficients at different quantiles (0 < τ < 1) for each location 

(ui, vi). ετi denotes the random error whose τth quantile conditional on Xi is 

equal to zero. In contrast to the original GWR Equation (1), the parameters 

of GWQR, βτ(ui, vi) depend on location coordinates and also the quantiles 

τ. According to V. Y.-J. Chen et al. (2012), these coefficients are estimated 

nonparametrically using kernel smoothing methods similar to that of GWR. 

Specifically, the local estimators can be obtained by minimizing

人口學刊(65)-02 Vivian Yi-Ju Chen.indd   56人口學刊(65)-02 Vivian Yi-Ju Chen.indd   56 2023/7/26   下午 12:44:072023/7/26   下午 12:44:07



． 57 ．

Vivian Yi-Ju Chen and Tse-Chuan Yang

∑ n

j = 1ρτ �Yj – βτ0(ui, vi) – ∑ p

k = 1Xjk βτk(ui, vi) �wij  ..................................(5)

where ρτ(z) = z(τ – I(z < 0)) is known as the “check” loss function with I(∙) 

being the indicator function, and wij is defined as previously.

V. Y.-J. Chen et al. (2012) consider the solutions of Equation (5) 

as local constant estimators based on the theory of local modeling. 

Alternatively, one may have the local linear approximation in a 

neighborhood of given location (ui, vi) with Taylor’s expansion by

βτk(u, v) ≈ βτk(ui, vi) + βτk
(u)(ui, vi)(u – ui) + βτk

(v)(ui, vi)(v – vi)  ..................(6)

in which βτk
(u)(ui, vi) and βτk

(v)(ui, vi) are the continuous partial derivatives of 

βτk(u, v) at the location (ui, vi) with respect to the coordinates u and v (N. 

Wang et al. 2008; V. Y.-J. Chen et al. 2012); k = 0, 1, …, p. The GWQR 

calibrated using the approximate expression of Equation (6) is considered as 

local linear GWQR. We let the coefficient vectors βτ
(u)(ui, vi) = [βτ0

(u)(ui, vi), …, 

βτp
(u)(ui, vi)]

t, βτ
(v)(ui, vi) = [βτ0

(v)(ui, vi), …, βτp
(v)(ui, vi)]

t, and βτ(ui, vi) = [βτ0(ui, vi), …, 

βτp(ui, vi)]
t. Based on Taylor’s theorem, the local linear GWQR estimators 

for βτ(ui, vi) are the corresponding solutions that minimize the following loss 

function: 

∑ n

j = 1ρτ �Yj – Xj
t �βτ(ui, vi)  +  βτ

(u)(ui, vi)(uj – ui) + βτ
(v)(ui, vi)(vj – vi) � �wij

 ..............................................................................................................(7)

As shown above, the difference between local constant (Equation [5]) 

and local linear (Equation [7]) models lies in how they estimate the local 

relationships in the neighborhood of observations. The local constant 

approach is relatively simple to implement, whereas the local linear 

estimator is more flexible and allows the coefficients to be expressed as 
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linear functions of the spatial coordinates. Such linear approximation may 

reduce bias and result in a better fit compared to the local constant estimator 

at the cost of computational efficiency (N. Wang et al. 2008; Páez et al. 

2011).

It is known from the theory of QR that the weighted QR problem 

of Equations (5) or (7) can be equivalently reformulated as a problem 

of optimization in terms of linear programming (C. Chen and Wei 2005; 

Koenker 2005). The estimates β̂τk(ui, vi) of each coefficient βτk(ui, vi) (k = 0, 1, 

…, p) therefore can be derived by employing the same approach. It should 

be noted that bandwidth needs to be determined for local estimations. In a 

statistical sense, a smaller bandwidth indicates a more local spatial process 

while a larger bandwidth implies a relative global spatial process (where 

associations may not vary greatly across space). To find the bandwidth 

that fits the data best, bandwidth selection is required at each quantile and 

the task can be conducted with cross-validation method (V. Y.-J. Chen 

et al. 2012). A series of programs in SAS® or R have been developed to 

implement bandwidth selection and the GWQR analysis. Other technical 

details regarding the estimations of standard errors and the significance tests 

of the local parameters could be found elsewhere (V. Y.-J. Chen et al. 2012).

Assessments for Nonstationarity of Regression Coefficient

According to Fotheringham et al. (2002), assessing whether the 

regression parameters really vary across space is crucial to validate the 

use of GWR-type modeling for the investigations of spatially varying 

relationships. This amounts to conduct statistical hypothesis tests for spatial 

nonstationarity or inconstancy of regression coefficients. For GWQR, 

the task in original paper (V. Y.-J. Chen et al. 2012) is accomplished by 

comparing the interquartile range (IQR) of the local estimates obtained 
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from GWQR with the standard errors of the global QR estimators. If the 

IQR is twice as large as the standard error, it indicates the variability of 

the estimates over space. Such examination is straightforward and similar 

to the rule of thumb proposed by Fotheringham et al. We acknowledge 

that a preferable test can be developed with Monte Carlo technique. This 

technique has been commonly utilized in GWR literature, despite recent 

studies have begun to explore the use of bootstrap tests for determination 

of constant coefficients (Li and Mei 2018; Mei et al. 2016). We here 

conduct the Monte Carlo test with a procedure that randomly permutes 

geographical coordinates of the observations under the null hypothesis of 

spatial stationarity based on a total of M replications of GWQR model. 

More specifically, for each quantile function, we specify the null hypothesis 

that the local coefficients are equal across locations, i.e., βτk(ui, vi) = βτk. 

The variance of its estimates β̂τk(ui, vi) is a useful indicator to measure the 

variability of regression parameters across space. Such variance is firstly 

obtained based on actual location data, called Vk. Then we permute the 

locations for M − 1 times and compute the variance for each permutation. The 

total M calculated variances formulate an empirical distribution and hence 

the ranking of Vk in this distribution, say R, can be observed. The p-value for 

testing the null hypothesis of spatial stationarity is then approximately by R/M.

IV. Illustration

We illustrate how to use GWQR in population research with the 

analysis of U.S. county-level COVID-19 vaccination data. The goal is to 

demonstrate the versatility of GWQR and its applicability to demographic 

research questions. The county-level data are used in a recent study (Yang 

et al. 2022) and include data from various federal agencies. Specifically, the 
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dependent variable of this illustration is the COVID-19 vaccination rate, 

which is defined as the percentage of population (aged 18 or older) who 

were fully vaccinated between December 13, 2020, and October 26, 2021. 

This variable is from the data maintained by the Centers for Disease Control 

and Prevention (CDC). Regarding independent variables, we include the 

following six variables in the analysis: percentage of Republican votes in 

2020 presidential election, median family income (in natural logarithm), 

poverty, percentage of non-Hispanic Blacks, percentage of Hispanics, and 

COVID-19 case rate (total confirmed cases per 1,000 population between 

January 21, 2020 and October 26, 2021). The presidential election county-

level data are publicly available (see https://github.com/tonmcg/US_

County_Level_Election_Results_08-20) and the COVID-19 case rates 

are from CDC. The other four variables are calculated with the 2015-2019 

American Community Survey 5-year estimates (see https://www.census.

gov/newsroom/press-kits/2020/acs-5-year.html). This illustration focuses on 

the 3,106 counties in the contiguous U.S. and these independent variables 

have been identified as important factors for county-level COVID-19 

vaccination rate (Yang et al. 2022). The details about variable construction 

are available upon request and the descriptive statistics of these variables 

are summarized in Table 1. The last column of Table 1 lists the variance 

inflation factors (VIF) of the six independent variables. All the VIF values 

are less than 5, suggesting that multicollinearity is not a concern.

We first fit global models with the technique of QR at the following 

selected quantiles: 5th, 25th, 50th, 75th, and 95th. The QR results are shown in 

Table 2 and several findings are notable. First, the association between the 

COVID-19 case rate and the COVID-19 vaccination rate is positive, and 

it seems to decrease from low percentiles to high percentiles. Explicitly, 

at the 5th percentile, a one percentage point change is associated with 
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a 1.336-percentage-point increase in vaccination rate; however, this 

relationship shrinks by almost two-third to 0.451 at the 95th percentile. This 

pattern suggests that the relationship between COVID-19 case rate and 

COVID-19 vaccination rate may be statistically heterogeneous. Poverty also 

demonstrates a similar pattern. Second, compared with other independent 

Table 1. Descriptive statistics for variables for U.S. COVID-19 vaccination 

(n = 3,106)

Variable Min Max Mean SD VIF
Adult vaccination rate 0.000 99.900 53.020 14.342
Case rate 2.710 47.263 14.499   3.715 1.189
Percentage of replication votes 5.397 96.182 65.040 16.069 1.803
Logged median income 9.976 11.866 10.852   0.250 4.232
Poverty rate 2.256 48.222 14.833   5.940 4.253
Percentage of non-Hispanic 
Blacks

0.000 87.226   9.013 14.488 1.712

Percentage of Hispanics 0.000 99.174   9.459 13.934 1.106

Note: COVID-19: coronavirus disease; VIF: variance inflation factor.

Table 2. QR results for U.S. COVID-19 vaccination

Variable
Percentile

5th 25th 50th 75th 95th

Intercept 91.796 59.608*** 56.614*** 69.088*** 80.509
Case rate 1.336*** 0.961*** 0.647*** 0.449*** 0.451***

Percentage of replication 
votes

-0.604*** -0.676*** -0.635*** -0.646*** -0.707***

Logged median income -2.195 2.655 3.345* 2.860 2.830
Poverty rate -0.715*** -0.471*** -0.306*** -0.196** -0.109
Percentage of non-
Hispanic Blacks

-0.377*** -0.390*** -0.303*** -0.325*** -0.324***

Percentage of Hispanics 0.129** 0.045*** 0.033* 0.017 0.033

Note: QR: quantile regression; COVID-19: coronavirus disease.
*p < .05; **p < .01; ***p < .001.
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variables, percentage of non-Hispanic Blacks has a relatively stable 

relationship with the COVID-19 vaccination rates across the percentiles, 

ranging between -0.390 and -0.303. Third, median income and percentage of 

Hispanics seem to have a significant relationship with the lower percentiles 

of the dependent variable, rather than those higher than the 50th percentile. 

This, again, indicates statistical heterogeneity.

After obtaining the QR results, the GWQR analysis is conducted. 

We implement two GWQR models, GWQR-local linear and GWQR-local 

constant, for the five quantiles. As previously discussed (see Section III), 

the two models differ in their estimating approaches that approximate the 

relationships between the independent and the response variables over a set 

of neighboring observations. The local linear estimator is expected to be 

more accurate in model predictions due to the high order approximation (N. 

Wang et al. 2008). We compare the model performance with two goodness-

of-fit measures: total sum of check loss and root mean square prediction 

error (RMSPE). In addition, we investigate whether the model residuals 

are spatially autocorrelated with Moran’s I. As shown in Table 3, compared 

with QR, both GWQR models fit the vaccination data better and have 

weaker spatial autocorrelation at each quantile. Also, the local linear GWQR 

outperforms the local constant GWQR for all percentiles with smaller 

values of the criteria, consistent with our expectation.

To summarize the massive results generated by GWQR and assist 

in a comparison of results across space and quantile, at each quantile and 

for each independent variable, we follow V. Y.-J. Chen et al. (2012, 2020) 

and provide the five-number summary statistics (minimum, lower quartile, 

median, upper quartile, and maximum) in Table 4. Some findings can be 

drawn as follows. First, the bandwidths at 5th and 95th percentiles of the 

county-level vaccination rates are larger than those of other percentiles. This 
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bandwidth pattern is consistent with what has been found in V. Y.-J. Chen et 

al. (2020). The largest bandwidth in Table 4 was 857, which is roughly 28 

percent of the total observations of counties (n = 3,106). From the statistical 

modeling perspective, the low proportion indicates that the spatial processes 

between vaccination and the independent variables tend to operate at the 

local, rather than global, level. Second, the Monte Carlo tests (the last 

column of Table 4) based on 499 permutations report the presence of spatial 

heterogeneity in the regression relationships at most quantiles, except for 

the lowest one (5th) where the associations of some covariates are constant. 

The results imply that spatial heterogeneity should not be overlooked in this 

U.S. county COVID-19 vaccination dataset. Third, the associations between 

the explanatory variables and vaccination rates also vary across quantiles. 

For instance, the magnitude of the estimated relationship of vaccination 

with poverty tends to be stronger in the higher percentiles than in the lower 

ones, and the magnitude of the relationship of COVID-19 case rate with 

vaccination rate steadily decreases from the low to the high end of the 

vaccination distribution.

In order to better interpret both heterogeneities in the GWQR results, 

we further visualize the local estimates with the mapping technique 

proposed in Matthews and Yang (2012). Due to space limitations and also 

for the illustrative intent, we focus our discussion on a key independent 

variable that is not explicitly discussed by Yang et al. (2022). Detailed 

results of the GWQR analysis are available upon request.

Figure 1 demonstrates the heterogeneous associations between the 

COVID-19 case rate and the COVID-19 vaccination rate across quantiles. 

The colored areas are the areas where the associations are statistically 

significant at the 5% of significance level. Three spatial patterns are worth 

noting. First, counties in southern states, especially Florida, Georgia, and 
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Alabama, consistently show a positive relationship between case rate and 

vaccination rate. This pattern indicates that regardless of the absolute level 

of vaccination rate, higher COVID-19 case rates may pose a threat to 

population health, which in turn encourage population aged 18 and over 

to be fully vaccinated. Second, counties of several states in upper Great 

a. 5th Percentile b. 25th Percentile

c. 50th Percentile d. 75th percentile

e. 95th Percentile

Figure 1. Heterogeneous associations between the case rate and vaccination 
by quantiles

Note: See the online version (https://doi.org/10.6191/JPS) for the full-colored fi gure. 
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Plains, such as North Dakota, South Dakota, and Nebraska, show a positive 

relationship between case rate and vaccination rate, and these patterns are 

largely consistently across percentiles. Third, few counties are estimated 

to have a negative relationship between case rate and vaccination rate, and 

these counties are observed in the northeastern region in higher percentiles 

(e.g., 75th percentile). These maps highlight spatial heterogeneity in not 

only the significance of local estimates but also the direction of estimated 

relationship between COVID-19 case rate and vaccination rate in U.S. 

counties.

V. Discussions and Conclusions

The past few decades have witnessed rapid changes in spatial demography 

with respect to methodological development, data collection, and complex 

dynamics between people and places (Matthews et al. 2021). As demographic 

research heavily relies on the analysis of data that are across a range of spatial 

scale, it becomes a challenge to develop new method that may produce 

insights into existing literature (Matthews et al. 2012). The importance of 

spatial structure, spatial dependence, and spatial heterogeneity is increasingly 

emphasized and considered in population research (Assunção et al. 2005; 

Schmertmann et al. 2008; Sparks et al. 2013). However, demographers mainly 

concentrate on the commonly used spatial methods developed to address spatial 

homogeneity (Chi and Zhu 2008; Voss 2007), such as spatial autoregressive 

regression and global spatial econometrics models. By contrast, relatively little 

attention has been paid to heterogeneity, both spatial and statistical.  

The purpose of the case study is to verify the applicability of the GWQR 

method, specifically as it pertains to subjects of interest to demographers. 

In our example that used the data published by Yang et al. (2022), both 
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spatial and statistical heterogeneity are explored with GWQR. The results 

suggest that statistical heterogeneity may provide new information relevant 

to questions across the range of a dependent variable’s distribution (i.e., 

vaccination). Exploring such statistically heterogeneous associations can help 

demographers understand the geographical differentials and better investigate 

the factors that may improve vaccination in counties where the vaccination 

rate is low. Spatial heterogeneity also appears to commonly exist in our 

illustration. As shown in Figure 1, the COVID-19 case rates have shown a 

spatially heterogeneous relationship with the COVID-19 vaccination rates 

in U.S. counties across the five percentiles in that many counties show a null 

relationship but others demonstrate either a positive or a negative association. 

As such, it should be emphasized that these heterogeneities may not be as rare 

as we might think in demographic studies. The GWQR analysis challenges 

a global model perspective (i.e., QR model) that is unable to identify spatial 

heterogeneity (V. Y.-J. Chen et al. 2020) and perhaps uncover new knowledge. 

For example, without the GWQR approach, the finding of a negative 

relationship between case rate and vaccination rate in some northeastern 

counties would not have been identified.

Though the value of GWQR has been validated, several issues warrant 

further attention. First, the larger bandwidths at the extreme quantiles 

could be attributed to the loss function of GWQR as pointed by V. Y.-

J. Chen et al. (2020). This suggests that the GWQR needs to draw on 

more observations in the kernel density function for reliable parameter 

estimations at the extremes. By contrast, based on the empirical viewpoint, 

a large bandwidth indicates that the local model results are close to those 

obtained from the global model. Second, this study draws inferential 

properties of GWQR using the asymptotic theory developed in V. Y.-J. Chen 

et al. (2012) for the empirical application. While the asymptotic inference 
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may suffer computation difficulties (V. Y.-J. Chen et al. 2020), we note that 

a bootstrapping approach proposed in V. Y.-J. Chen et al. (2020) can be 

used as an alternative inferential framework for GWQR. Other technical 

concerns regarding variable selection of GWQR or the possibility of spatial 

autoregression in the response variable with GWQR have been also studied 

in W. Wang et al. (2018) and Tomal and Helbich (2023). On the other hand, 

a sophisticated statistical test for the hypothesis that local estimates are 

equal across quantiles should be developed in the future. Bootstrap method 

may also be useful to address such limitation. Furthermore, the analysis 

results of the 5th percentile in our example indicate that some regression 

coefficients are spatially invariant. A semiparametric or mixed GWQR 

allowing for global impacts in the GWQR model specification is desirable. 

Finally, using the five-number summary statistics and visualizing spatial 

heterogeneity are appropriate techniques to synthesize the massive amount 

of information generated by GWQR. How to fully utilize all of the results to 

simultaneously present both statistical and spatial heterogeneity remains a 

challenge.

To promote GWQR in population research, we would like to offer 

some suggestions as to when and why GWQR might be used to draw 

insight from heterogeneities. First, when the spatial information (e.g., 

coordinates) of the observations is available and the literature has assumed 

spatial and statistical homogeneity between the dependent and independent 

variables, researchers may want to adopt GWQR to test both homogeneity 

assumptions. Exploring the existence of heterogeneity may shed new light 

into population- and/or place-specific policies that could effectively address 

social and demographic problems (Han et al. 2011; Partridge and Rickman 

2007; Shoff et al. 2012). Second, when the mean or median value of the 

dependent variable is not of primary interest and the dependent variable 
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is unevenly distributed across space, GWQR might help to untangle the 

statistically and spatially heterogeneous relationships. For instance, the 

second demographic transition (SDT) theory has discovered distinctive 

spatial patterns in the U.S. (Lesthaeghe and Neidert 2006). Should the 

impact of SDT on low infant birth weight be studied, a GWQR approach 

may be useful. Finally, when researchers would like to interpolate the 

associations between the dependent and independent variables across space 

and/or the distribution of the dependent variable, GWQR, along with other 

spatial QR methods (Lum and Gelfand 2012; Reich et al., 2011), is an 

appropriate tool.

To sum up, spatial demography often focuses on exploring 

demographic processes in space using spatial analytic methods (Weeks 

2004). Though spatial modeling techniques have been considered in 

population studies, spatial and statistical heterogeneity have not yet 

received much attention and discussed simultaneously. This paper directly 

addresses such concern by demonstrating the use of GWQR for exploring 

heterogeneities in population research. Demography has a long history of 

investigating population dynamics and space (Matthews and Parker 2013; 

Matthews et al. 2021). We believe a focus on heterogeneities will help move 

the field forward.
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以地理加權分量迴歸探討人口研究之 

空間和統計異質性

陳怡如*　楊澤全**

摘要

愈來愈多人對於探索自變數與反應變數間在不同分量下（使用

分量迴歸〔quantile regression〕）或在空間上（使用地理加權迴歸 
〔geographically weighted regression〕）之異質關係感到興趣。前者通
常被視為一種統計異質性，而後者則指的是空間異質性。然而，人

口研究在採用這些方法方面進展略顯緩慢。本研究首先簡要討論了

為何人口研究者需要多加關注異質性的概念，並介紹了一種同時考

量統計和空間異質性的方法，即地理加權分量迴歸（geographically 
weighted quantile regression, GWQR）。我們以美國各郡新型冠狀病毒
（coronavirus disease, COVID-19）疫苗接種率之資料為例，說明如何
應用GWQR，並解釋GWQR如何分析疫苗接種率及其因子之間在空間
和疫苗接種率分布上的異質性。研究結果顯示，空間和統計異質性是

普遍存在的。例如，COVID-19病例率在位於疫苗接種率低分位數的
郡中其關聯性比在高分位數的郡中更強。這種關聯性的空間分布集中
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 E-mail: viyjchen@nccu.edu.tw
** 紐約州立大學奧爾巴尼分校社會學系副教授
 E-mail: tyang3@albany.edu

收稿日期：2023.03.06；接受刊登：2023.05.07

人口學刊(65)-02 Vivian Yi-Ju Chen.indd   83人口學刊(65)-02 Vivian Yi-Ju Chen.indd   83 2023/7/26   下午 12:44:102023/7/26   下午 12:44:10



． 84 ．

Journal of Population Studies No. 65

在山區州的郡，並轉移到中西部地區。因此，我們認為人口研究應考

慮這兩種異質性。

關鍵詞：異質性、同質性、地理加權迴歸、分量迴歸、空間人口學
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